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INELASTIC TORSIONAL-FLEXURAL BUCKLING OF 
COLD-FORMED OPEN SECTION UNDER ECCENTRIC LOAD 
by Jang Dejin1 and Chen Shaofan2 
ABSTRACT 
Singly-symmetrical open section columns under eccentric load are 
considered. The whole column section is treated as consisting of a 
number of small elements which are considered as axial compression 
members. In the theoretical analysis, the effect of cold forming is 
taken into account and the Shanley concept is used. A good agree-
ment is obtaiped between the analysis and test results. Finally, 
numerical analysis is made for three types of singly-symmetrical open 
sections with different dimensions using the present method and a 
simple formula has been developed. 
INTRODUCTION 
It is difficult to study the inelastic torsional-flexural buckling 
of cold-formed steel thin-walled open section under eccentric load, 
because: 
I. The geometry of the cross-section of cold-formed steel members 
is more complicated than that of hot rolled ones. Generally their webs 
do not coincide with the axis of symmetry. 
2. The material properties over the whole cross-section especially 
of the corners changes after cold working. The yield point may be sub-
stantially different from that of the original material. Moreover, the 
lEngineer, Maanshan Iron & Steel Design & Research Institute, Maanshan, China 
2professor of Structural Engineering, Xian Institute of Metallurgy and 
Construction Engineering, Xian, China. 
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ratio of proportional limit 0 p to yield strength 0 y is generally 
smaller than 0.7. So there exist neither a simple constitutive 
relation nor homogeneity of material. 
3. The strains at different points of the cross-section are not 
of the same value owing to the presence of the moment. For different 
points in the section the tangent moduli Et vary with the strains in 
the inelastic range. It is clear that one cannot translate the 
elastic modulus E into an overall Et to get the inelastic solution as 
it was done by A. Chajes (1) in the analysis of the inelastic torsional-
flexural buckling of axially loaded columns. 
On account of the reasons mentioned above, no refiend analysis and 
solution has so far been developed. In all design specifications or 
codes, the clauses dealing with this subject are based on elastic ana·· 
lysis. The calculation procedures are usually rather complicated. 
The "equivalent slenderness ratio" method has been applied in a 
number of practices, for instance, in the Chinese Code (T3l8-75). 
From Figures. 6 and 7 it is seen that the results by using this method 
do not agree well with the experimental ones. Strictly speaking, this 
method is theoretically incorrect. 
In this paper the writers take the effect of cold forming into 
account and adopt the Shanley concept to carry out a more refined 
analysis. A series of computations has been done, and therefrom a 
simple formula has been developed. 
DIFFERENTIAL EQUATION 
The basic assumptions in the present paper are as follows. 
1. The column is an idealized perfectly straight one. 
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2. Before the torsional-flexural buckling occurs the dis-
tribution of strains over the cross-section is linear. 
Besides these assumptions which are usually adopted in stability 
analysis the Shanley tangent modulus concept is introduced. The com-
putation of the mechanical properties of the cross-section can then 
be based on the situat;on existing just before buckling,. 
The effect of the prebuck1ing deformations is neglected. In 
fact, the amount of this deformation in short and medium slenderness 
ratio column is only of the same order of magnitude as the initial 
out-of-straightness. 
An eccentrically loaded column with singly-symmetrical cross-







Figure 1 - Torsional-Flexural Buckling 
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The principal coordinate system (0, x, y, z) pass through centroid 
o. The displacements of the shear center S in x and y directions are 
u and v, respectively, the rotation of the cross-section around the 
shear center S is S. Based on the relation between the two local 
coordinate systems (D', X, Y, Z) and(D', S, n, ~) (see Figure 1) and 
the equilibrium between the internal and external forces, the differ-
ential equation of equilibrium, in the case of small deflections, can 
be written as follows: 
B u" + Pu - M = D •••••••••••••••••••••••••••••• •••••• (1) 
n 
Bs v" + Pv + (M-Px) = 0 ............................... (2) 
CwS'''- (Ct - J Aor2dA) S' + (M-Pxo) v' = D ••••••• ; ••••• (3) 
where Bn, Bs' Cw' Ct ' Xo and JAor2dA are coefficents depending upon the 
mechanical conditions and the goemetry of the cross-section. In the 
elastic range they are constants and defined as 
2 
r 




(St. Venant's torsional stiffness), 
(warping torsional stiffness), 
Xo the distance between the centroid and the shear center, and 
(x - x )2 + y2 in which (x,y) is any point on the cross-section. 
o 
In the inelastic range, however, these coefficents vary. Eqtlations 2 and 3 
are not independent of each other. They can be solved by Garlerkin's 
method to give an eigenvalue equation 
D ...... (4) 
where AI' Bl , A2 and B2 are constants depending on the boundary con-
dition and P, M are external forces. If the coefficents Bs' Cw' Ct ' 
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x , I or2dA and the external forces P, M are determined, then Eq. 4 will 
o A 
become a quadratic with 12 Obviously the smallest positive root 1 is 
the critical length of the column. 
CONSTITUTIVE RELATION 
The formula of tangent modulus suggested by F. Bleich (2) has 
been accepted: 
Et = E C (~(1 0» (J 0 
Y 0 Y 0 1 
where C (constant) = (-P-(1 - ~ »- . 
oJ cr y 
Noting that E = ddO , an 
t E 
expression of 0 and Et as a function of strain E can be obtained as 
follows 
where a 
- a02 + bo 
2 
C E/Oy ' b 
> ~ (when E _ E ) •••..•. (5) 
Hooke's Law is adopted in the elastic range namely 
o = EE o 
(when E < EP. ) .................... (6). 
Therefore, as long as E, 0p' and 0yare known, then 0 and Et corres-
pounding to E in the elastic and elastic-plastic range can be obtained 
by using Eqs. 5 and 6. 
The effect of the cold forming has been taken into account. The 
whole cross-section is divided into twoparts where the properties of 
material are considered as homogenous so that computation will be rather 
simple and safe. Only the quarter circle corner of the cross-section 
are considered as strain-hardened area as shown in Figure 2. 
The yield strength of hardened area was formulated by K. W. Karren (3) 
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as follows 
where k 2.80 a - 1.55 a , 
u y 
b 1.0- 1.311, 
11 0.225 a /0 - 0.12, 
u y 
m 0.85511 + 0.035, f= strain_h~enSd 
R/T= ratio of the inside radius 
to the thickness of the cross-section 
and a is tensile ultimate strength of 
u 
original material. For safety and 
simplicity the ratio a /0 is consi-pc yc 
area 
dered to be equal to the ratio a /0 p y 
Figure 2. Division of Cross-
of the original material. section 
After computing aye' the stress-strain relation of material on 
the corner area can be obtained using Eqs. 5 and 6. The accuracy of 
Eqs. 5 and 6 has been checked by comparing with the tested stress-
strain curve. 
CALCULATION OF COEFFICIENTS II 





1. y :B 
Figure 3. - Cuting of Cross-section 
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Since the cross-section is in symmetry, one can take only half of it 
into consideration. First, the half cross-section is cut into N 
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pieces along the symmetric axis, in which N = ZB/t. The quarter circle 
(i. e. corner) is cut into four equal pieces with radial line. The 
strains at each piece can be considered as even. 
If the strain El at piece 0 and EZ at piece N-l are specified, Ei at 
pie<ce· i would be easily determined based on the assumption that the 
strain distribution is liner. Then a(i) and Et(i) at piece i can be 
worked out by using Eq. 5 or Eq. 6. As for the calculation of the in-
elastic shear modulus Gt , the following formula is adopted; 
Gt = G lEt/E .•••••••.••..•••..•••••.•..••.•••. (8) • 
Having worked out a(i), Et(i) and Gt(i) of each piece, the coefficients 
and external forces in Eqs. Z and 3 can be obtained by integrating the 
contribution of each piece. After the coefficients and external forces 
have been determined, substituting them into Eq. 4 gives a quadratic 
with lZ. Then the critical length lcr can be obtained easily. Another 
set of El and EZ are specified again, another set of P, M and critical 
length lcr can be obtained. 
The present method need not a trial and error process and the con-
puter program is very simple (no more than ZOO lines BASIC statement). 
Figure 4 shows the flow chart for the computation. 
EXPERIMENTAL VERIFICATION 
A large series of specimens of cold-formed steel thin-walled columns 
with hat type section under eccentric load has been tested in Hunan 
University in 1977 (4). Based on the original information of this ex-
periment the theoretical calculation of the tested specimens by using 
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~ 
Read a , 
u 




Set up the coordinates l I Constitutive I of the pieces Icompute P, M, Bx, C , I 
relation ~ Ct ' Xo and JAar2dA w Specify the opposite 
end's strains of cross-
" section El and E2 Iwork out critical 
length lcr 
Compute E(i), Et (i), .. 
a(i), and Gt (i) IType P, M and 1 cr 
I ~ 
Figure 4 - Flow Chart for Computation 
the present method has been done. The computed values of critical load 
agree well with the observed ones. The mean value of the error and stan-
dard deviation of the population are x = 2.40% and a = 9.28%, respectively. 
11 
The dimensions of the tested specimens are shown in Figure 5. Their 
slenderness ratio 1 /r are 35, 48.6, 64 and 90, in which 1 is the 
o x 0 
effective length of the column and rx is the radius of gyration with respect 
to the axis of symmetry (i. e. x axis). The boundary conditions of all 
specimens are pinned end and not free to warp (Le. u" = v" = 0, S' = 0). 
These specimens were cold-formed by press 
braking. The properties of original 
material are a 
u 
56.9ksi (392 MPa), 
a = 38.4ksi (265 MPa), E = 29200ksi 
Y 
(201000 MPa) and a /0' = 0.67, herein, p y 
a and a are average tested values, 
u y 
while E and a /0' are based on the p y 
statistical analysis of some other 










the theoretical computed values of critical stress Ocr and observed 
ones is shown in Figures 6 and 7, where the curves calculated accor-
ding to the AISI Specification 1980 (5) are also given (note the value 
a /0 has not been multiplied by the factor 12/23). 
cr y 
The writers have carried out another experiemental program in 
Xian in 1982. A total of 8 specimens with hat section were tested. 
The geometrical and material properties of specimens are given in 
Tables 1 and 2. The specimens were welded to 10 mm thick plates at 
the ends, and they were supported on crossed knife-edges bearing 
during testing. The slenderness ratios of group A specimens are 
A = 37.4 and A 
x y 32.5, those of group B are AX 31.3 and A y 26.5. 
The results of the test are shown in Figure 8 and Table 3. A good 
coincidence was obtained again. The mean value of the error and 
standard deviation of the population are x = 8.78% and an = 4.79%, 
respectively. 
EMPIRICAL FORMULA 
In order to find out a simpler formula for design purposes, a 
parametric study of hat, channel and lfpVed channel type sections has 
been done using the present method. Figure 9 shows two set of )PI -Ex 
curves. In each set of these curves the column~ are of the same 
slenderness ratio but the different cross-sectional dimensions. We 
can see that all ~fEx) curves have similar tendency. Among all the 
curves obtained hat-section has the lowest value of JOI. A typical 
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size of this section has been selected as shown in Figure 10 to search 
for a simple calculation method. It is interesting to see that the 























----- Analytical curve 
--- Chinese Code TJ18- 75 
_.- AISI Spec. 1980 
o Test result, T-F Buckling 
• Test result, Inplane Inst. 
f< _ 1<1:.: Ix 
'-'X- P A 
1.0 
Fig. 6 - Comparison of Theoretical curves 
with Experimental results 
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0.5 
0.1 
~ __ ~~ __ ~ __ ~ __ ~ __ -L __ ~ __ ~ __ ~ __ ~ __ ~ __ ~ __ L-__ L-~e~ 
-1.0 0 1.0 2.0 
AX= 64 
Fig. 1 - Comparison of Theoretical curves 
with Experimental results 
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TABLE 1. - Dimensions of Specimens 
Specimen in. A (mm) B in. (rom) in. H (rom) in. T (rom) in. L (em) 
A-I 0.98 24.8 5.26 133.6 4.02. 102.1 0.96 2.45 60.3 153.1 
A-2 0.96 24.5 5.26 133.5 4.01 101.9 0.99 2.51 60.3 153.1 
A-3 0.98 24.8 5.22 132.6 4.01 101.9 0.98 2.48 60.3 153.2 
A-4 0.97 24.6 5.26 133.7 4.02 102.0 0.98 2.50 60.3 153.1 
B-1 0.97 24.6 5.26 133.7 4.01 101.8 0.98 2.49 49.2 125.1 
B-2 0.99 24.6 5.26 133.7 4.01 101.8 0.98 2.50 49.3 125.2 
B-3 0.97 24.7 5.27 133.9 4.02 102.0 0.98 2.48 49.3 125.3 
B-4 0.98 24.8 5.31 134.8 4.02 102.0 0.99 2.51 49.2 125.1 
Mean value 0.98 24.8 5.26 133.6 4.02 102.0 0.98 2.50 
Definition of symbols A, B, H, T see Figure 3 








































53.91 371. 7 
57.18 394.3 










































0.442 0.520 -15.0 
0.508 0.592 -14.2 
0.445 0.478 - 6.9 
0.685 0.756 - 9.4 
0.479 0.532 - 9.9 
0.467 0.483 - 3.3 
0.651 0.731 -11.3 
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~~----------------------------------------~ 
0.5 
Fig. 10 -Relationship between 9', and Cj,e~ 
Then a simple formula of calculation for torsional-flexural buckling 
load can be given as follows 
1, = 1 m ••••••••••••••••••••••••••••••••••••••••• (9) 
1 - Exn 
where m and n are function of A (1 /r ) and E , 
x a x x 
n = -40/(60+0.25(Ax - 20» 
for A 20 -50, 
x m = 1.165-0.01 A x 
for A 50 -70, n = -40/(Ax+17.5) 
x m = 1.365-0.014 A 
x 
for A 70 -100, n = -30/(65.625+0.3(AX -70» 
x m = 0.805-0.006A 
x 
for A 100-200, n = -30/(74.625+0.5(Ax -100» 
x 0.355-0.00l5A m = x 
for A < 20, n = -2/3, m = 0.965. 
x 
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The effective length 10 is either equal to 1, the actual length of 
column, when the boundary conditions are u u" v = v" = 6 = 6 I = 0 
and u = u ' v = v' = 6 6' = 0, or equal to 21, when the boundary 
conditions are u = u" 6 = 6" = o. This is somewhat a con-
servative determination based on the computed results. 
The empirical formula can also be used in computing axially loaded 
columns by taking €x = O. Table 4 lists the critical load factor obtai-
ned from Eq. 9 and the tested results given by A. Chajes (1). 
TABLE 4. - Column Test Results 
Specimen lolr Yield Failure Predicted by % Diff 
x 
stress stress (Ocx/oy) using Eq. 9 between 
a a 5 & 6 y cr 
ksi ksi 
(1) (2) (3) (4) (5) (6) (7) 
H - II 38.44 46.9 38.2 0.815 0.781 +4.4 
H - 12 34.81 46.9 39.2 0.836 0.817 +2.3 
H - 13 51.92 46.9 31.6 0.674 0.638 +5.6 
H - 14 58.24 36.5 23.8 0.652 0.550 +18.5 
H - 15 59.52 36.5 22.6 0.619 0.532 +16.4 
H - 16 52.71 36.5 23.3 0.759 0.627 +21.1 
CONCLUSION 
An accurate estimate of the inelastic torsional-flexural buckling 
load of a thin-walled column under eccentric load may be obtained by a 
sophisticated computer program. This is not always convenient especially 
when taking some practical complicated situations into account. In this 
paper the critical load of torsional-flexural buckling is considered as 
a load corresponding to the beginning of torsional-flexural deflection, 
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and all mechanical properties are computed according to such state. 
This leads to a simple method even though a nonlinear constitutive 
relation is adopted. The predicted critical load is close to the 
accurate value in all cases. 
A parametric study resulted in the empirical formula Eq. 9 for 
hat-section. This equation is too conservative for other cross-section 
shapes. However the principle employed in this paper can be used to 
develop expressions for other sections. 
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APPENDIX 2. - NOTATION 
The following symbols are used in this paper: 
u displacement in x direction; 
v displacement in y direction; 
TORSIONAL-FLEXURAL BUCKLING 
S rotation of cross-section around shear center; 
B n bending stiffness; 
B S bending stiffness; 
Ct St. Venant's torsional stiffness; 
Cw warping torsional stiffness; 
x distance between centroid and shear center; 
P concentrated load; 
M bending moment; 
E elastic modulus 
E t tangent modulus; 
G shear modulus; 
Gt tangent shear modulus; 
° normal stress; 
0u ultimate strength; 
0y yield point; 
0p proportional limit; 
€ linear strain; 
Ax slenderness ratio about x axis; 
€x eccentricity about x axis; 
10 effective length of column. 
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